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SIGNAL PROCESSING IN A SATELLITE RADAR ALTIMETER

C. F. Price

ABSTRACT

Certain problems in obtaining accurate altitude measure-
ments over the ocean surface from a satellite pulsed-radar
altimeter are considered. Particular attention is directed
toward eliminating sources of bias errors that have the same
order of magnitude as the ultimate desired resolution accuracy.
Both narrow-beam and gated wide-beam radars are investigated.
The discussion includes criteria for:sélecting the radar beam
width and pulse repetition frequency, geometrical correction
for the beam's spherical wavefront, altitude estimation equations

and analysis of estimation performance.
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I. INTRODUCTION

The possibility of using a satellite in orbit about the
earth to obtain accurate altitude measurements has been proposed

in recent years by several authorsl’z’3

interested in the geo-
physical and oceanographic sciences. Such measurements are po-
tentially useful for determining a better model of the earth's
gravitational potential, for obtaining more accurate knowledge
of satellite orbits, and for learning more about the character-
istic features of the earth's surface. Altitude measurements
above the surfaces of the oceans are considered especially
useful. In the absence of tides, oceam currents, and wind waves,
the oceans' surfaces. conform to an equipotential surface defined
as the geoid. Knowledge of satellite altitude above the geoid is
useful for determining both the geoidal and orbital features.
Although the presence of storm winds, tides, and currents dis-
torts the features of interest to geodesists, they cause variations
in ocean level which are of interest td oceanographers in deter-
mining the dynamic behavior of the seas.

Pulsed radar altimeter systems have been proposed 2,3 for
making altitude measurements. With respect to altimeter
design, the emphasis of these investigations is upon antenna and
transmitter‘power level requirements, sources of uncertainty,
and measurement accuracy requirements. The resulting con:lusions’
that are relevant to this discussion are: (1) High receiver signal
to noise ratios (10db) are achievable with modest transmitter

power levels (a few microwatts to a few watts average
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power depending upon the radar beam dimensions); (2) To obtain
measurements having the required resolution properties at the
ocean's surface, one requires either a narrow radar beam (a few
milliradians for a satellite altitude of 600 km) or accurate
gating of the imitial portion of each return pulse from a wide
beam (a few degrees at 600 km altitude); (3) Ultimate altitude
resolution (after filtering out high frequency noise in the
sequence of altitude measurements) on the order of one foot

or bettern is required in order to observe the desired ocean
surface vartations.

In the references mentioned above there has been no detailed
discussion of the processing techniques used to obtain altitude
estimates from each return pulse. It is implied that the leading
edge of the return provides the estimate; if this be the case,
the processing technique requires little elaboration. However,

a potential disadvantage of the leading edge tracker in this
application is that the resulting estimate may contain a bias

of the same order as the ﬁltimate resolution desired. One
possible source of bias is the fact that reflections from wave
tops arrive at the receiver first; hence the time of arrival

of the return signal is affected by the sea state. This question
is discussed briefly by Greenwool, et. al.? Another Gharacteristic
of the leading edge tracker is that only a small portion of the
radar return signal is analyzed for useful information. Essentially
the reflection from only a point is utilized. More efficient
estimation procedures might be developed which process the entire

return pulse to obtain an altitude estimate from an element
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of sea surface having non-zero area. On the other hand, if
information from more than one point on the surface within the
radar beam is to be processed, an appropriate definition of
altitude must be established. It is the purpose of this report
to discuss these questions.

The emphasis of this discussion is on those altimeter
design features related to the processing of the radar return
signal. Particular attention is directed toward eliminating
sources of bias errors larger than the required post filtering
resolution. The subjective contents of the following sections
are: (1) A definition of satellite altitude appropriate for
processing the pulsed radar return signal is established; (2)
Criteria are developed for selecting the pulse repetition rate
and the radar beam width; (3) A geometrical correction for
the radar beam's spherical wavefront is derived; (4) An esti-
mation for satellite altitude is derived; (5) The estimation

error is analyzed; (6) Application of a gated wide-angle beam
is considered.

The next five sections deal with the case where the entire
radar retufn signal from a narrow beam is to be processed.
Subsequently, modifications of the narrow beam techniques are
suggested for the case of the gated wide beam proposed by
Greenwood, et. al. 2  Because the hardware requirements of the
narrow and wide beam radars differ markedly, one design may .
be distinctly preferable to another in a given experiment.
Hence, it is desirable to have a signal processing technique

that is adaptable to either.
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IT. A MODEL FOR THE RADAR ALTIMETER

The function of a radar altimeter can be interpreted as
that of a sampler taking discrete measurements of altitude above
the earth's surface. Each sample consists of a pulse of reflected
energy that is processed to yield a meagurement or estimate of
altitude. As the satellite passes over’the ocean, it views the
continuously changing surface topography along its’track. The
surface features are a combination of waves that are time
varying with respect to the earth, e.g. caused by winds and
tides, and the stationary or standing waves caused by ocean
currents and variations in the earth's gravifational potential.

To obtain a model for the altitude measuring process, assume
that the ocean surface illuminated by the radar beam is stationary
during each radar pulse. The situation is illustrated by the
one-dimensional cross-sectional view in Fig. 1. A general model
for the altitudé measurement is that at time t;, a sample h;
is generated by some functional operation F( ) upon the ocean

area included within the radar beam. This is denoted by

h; = Flh(x,y)]; | (x-%3)2 + (y-y;)? <R (1)

where h(x,y) denotes the altitude as a function of datug
coordinates, x and y, and R is the radius of the radar beam
cross-sectional area.

Assume: that it is desired to detect variations in the
ocean's surface having spatial periods greater than an amount

D in both ¥ and y coordinates. This implies that variations
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with smaller periods are to be eliminated by an appropriate
filter. Now suppose that hi in Egq. (1) is simply a point
sample

hi = h(xi,yi)
We know from the sampling theorem % that no low frequency
information is lost in the sampling operation if the sampling
frequency is constant and equal to or greater than twice the
highest frequency to be retained. However, if the sampling
frequency is lower than twice the highest frequency to be

eliminated, the unwanted high frequency variations are converted

to low frequency variations having the same amplitude; the

latter effect is known as aliasing. Therefore, if the sampling

process is to be perfect in the sense that there is no net

loss of information, the sampling frequency must be twice

the highest frequency present in the ocean's surface variation.
Now because the radar beam has non-zero width and the ocean

surface is irregular, it is not possible to sample the satellite's

altitude uniformly over the datum plane; Even if uniform

point sampling were possible, the sampling frequency required

to preserve information is impractical to achieve. We desire

to devise a radar signal processing technique that is a

reasonable approximation to the perfect point sampler. This

task is complicated by the fact that a given radar return siganl

received as a function of one independent variable, time, does

not map into a unique function h(x,y) within the radar beam

because the latter is a function of two independent variables.

Furthermore, if the reduction of the radar return signal to
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a number representing altitude is to be accomplished on board
the satellite, the processing technique must be reasonably
simple to implement. Both of these factors motivate the following
heuristic arguments for the receiver design.

Assume, for the moment, that the radar beam width R at
the ocean surface is much smaller than the smallest spatial
period of interest. With this condition, at a given location
of the beam in the x-y plane, the desired component of satellite
altitude is nearly constant over the beam area. Now if the
unwanted surface variations are of sufficiently high frequency,
a nearly optimal altitude estimate for many estimation criteria
is simply the average height of the satellite over the beam area.
With altitude measured below the x-y plane in Fig. 1, the

altitude estimate is given by

i ° i—ffh(x,y)dxdy ()

=2

where A denotes the beam area and A(xi,yi) denotes the region
of the x-y plane enclosed by the beam area.

It is proposed here that E; yields a useful estimate of
altitude even when the conditions under which it is optimal do
not hold. Furthermore, it is an estimate that can be obtained
approximately from the radar return signal with a reasonably
simple processing scheme. In succeeding sections the performance
of this estimator is analyzed and a method of implementing it

with the radar return signal is described.
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III. PERFORMANCE ANALYSIS OF ALTITUDE ESTIMATOR

An analysis of the altitude estimate provided by Eq. (2)
is facilitated if one axis, say x, of the x-y plane is taken
along the satellite's track. Furthermore, it is mathematically
convenient to assume that the radar beam has a square cross-
sectional area with side length R so that A(x;,y;) is a square

element of ocean area. With these assumptions and the definition

/2
Hy(x) A 1fh(x,y)dy (3)
-R/2

Eq. (2) becomes
By = & JE (x)ax ()

Now assume that a sequence {Hi} of measurements generated
by Eq. (4) is to be made with a uniform interval X between
measurements. This sequence can be thought of as generated by

sampling the function

J/§y<x)dx | (5)

x-R

h(x) A

o

at regular intervals X. A block diagram illustrating the evolution

of {h;} is given in Fig.2 using imaginary frequency operator

-



{hi}

-jwR

Figure 2 Generation of {F;} from Fy (x).

jwR
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notation with

w = 2%x

Recall that our objective is to obtain altimeter measure-
ments that introduce as little distortion as possible: we degire
to closely approach "perfect" sampling, in the sense defined
previously. The actual performance obtained from the processing
technique represented by Fig. 2 can be evaluated by comparison
of the frequency spectra of {Hi} and H&(x). Denoting spectra

by capital letters and regarding {h } as a sequence of impulses
‘ . i

with the notation

E#(x) A {h}

we can relate H(jw)®* to ﬁ&(jw) by
l (o]
H(ju)® = = Z H(jw + njwy) (6)
X ne-ow
AGGw) = |2 (1 - e ¥Ry |27 (54) (7N
Rjw y
where
- 2
wy = 20
X

Equations (6) and (7) are derived from well known results in

sampling theory, assuming H&(x) is a stationary random process.
Under the constraint that the radar altimeter operate as

illustrated in Fig. 2, it is easily determined from Eqs. (6)

and (7) what choices of the parameters, X and R, lead to
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approximately perfect sampling. First, suppose that the desired
portion of the spectrum of ﬁy(jw) lies within the interval

-21/D 2w £ QH/DA Wry
Define

G(jw) A —=— (1 - e~ 3%Ry (8)
JwR

It follows that

Sincﬁ’-fzi) 2

6wy |2 =

(9)
wR/ 2

Because
H(jw) = |6(iw)|? ﬁy(jw)

it follows from Eq. (9) that the distortion of the desired
portion of ﬁ&(jw) caused by ©(jw) is determined by the beam
dimension R. If

RwD << 27

the distortion is held to a small level. In practice one may
require

RwD = 2nKD

where KD is a design parameter chosen according to the acceptable
departure of |G(jw)|? from the value, one, for |w| < wp. In

terms of the spatial period D,

-12-



R
5 = KD << 1 (10)

Typically, one may be interested in ocean surface variations
for which D = 50-100 miles. Radar beam widths at the ocean surface
le8s than ten miles appear possible®so that condition (10)
can be achieved.

Our next task is ‘to determine the value of X. From the
adverse effects of aliasing, we infer that the sampling frequency
should equal twice the highest significant frequency contained

in H(jw). Because

1im |G(jw)|? =
the effect of G(jw) is to suppress the highest frequencies in
ﬁ&(jm). For a given choice of R, assume that there is some
frequency, Wy for which the quantity l/RwS is sufficiently small
such that

HGw) » B ;5 |w| > Wg

The quantity wg may be specified by a design parameter K

according to

|-
it
~
A
A
i

Rws (1)

The sampling frequency should be twice the value of wg SO that
by Eq. (11),

X = wRK
3 (12)
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Equations (10) and (12) provide simple design criteria for
picking altimeter parameters, R and X, on the basis of "distortion"
parameters KD and KS. Both KD and KS should be sufficiently
small to achieve acceptable sampling fidelity. However, their
lowest possible values are limited by the allowable antenna size
and thevavailable radar power, both of which increase as KD
and KS are made small. The quantitative relationship is roughly

indicated by

Antenna Diameter ~ b b
R DKp
2
Average Power ~ R* = DKp
X ' HKS

where h i1s an approximate value of the satellite's altitude.

We have also noted that G(jw) attenuated the high frequencies
in ﬁy(jw). This is desirable behavior because we presume the
high frequencies are to be eliminated from the ocean surface
spectrum by appropriate filtering of the sequence {Ei}.

This discussion has presented an evaluation of the estimate
defined in Eg. (2) in terms of the resulting distortion of
the desired ocean spectrum. The next task is to determine in
what sense the radar return can be processed to obtain this
estimate. The remainder of this report is concerned only with
the details of obtaining the sequence {Hi} from radar return
echoes. The problem of processing the sequence .to obtain the
desired portion of the sea surface spectrum should be amenable

to standard filtering methods and is not treated here.
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IV. THE GEOMETRY OF THE RADAR BEAM

Before considering the details of radar signal processing,
we examine the effect of the radar beam geometry upon the altitude
measurement. This subject has been discussed by others 2,3
from a somewhat different point of view.

The situation is as depicted in Fig. 3. The satellite trans-
mits radiation confined to a beam half-width « having a spherical
wavefront.* As is shown in the next section, the reflected
return is processed to give a measure of the average distance,

h, from the satellite of the ocean's surface contained within
the radar beam. What is desired is the average altitude, h,

of the satellite measured from a plane centered at the satellite
and perpendicular to the center line of the beam. In this
section, a relationship between h and R is derived.

In terms of the quantities defined in Fig. 3, h is given

approximately by

Va2og?

' A/ /r (6,4)cos6dods (11)

— - o« _¢

where = is taken to be a small angle and A is approximately

« JETT

fx Ef fhzcoeed6d¢ (15)

—x _JETGT

* Assume the energy density in the beam is uniform in & and ¢;
otherwise the subsequent discussion must be modified.

-15-



Satellite

Datum Plane

- Ocean Surface

Figure 3 Satellite beam geometry
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Equation (15) is useful in subsequent derivations; the resulting

~

accuracy in A is about one part in 1/e. where ¥

A
_ he? 2
eZ; = LAr ] (16)
with
Ar(6,¢) A r(6,¢) - h (17

max

Ar A gax {Ar(6,¢)}

The desired average altitude defined in Eq. (2) is

~given by

h = % jﬁ/.h(x,Y)dxdy , (18)

A

where h(x,y) is the distance to the ocean surface along a
normal to the x-y plane in Fig. 3 and A is the projection of

A onto the x-y plane,
A =ffdxdy (19)
A

Now introduce the transformation equations

h(x,y) = r(8,¢)cosbcosd

y = r(0,9)sinbd

x = r(8,4)cosbsing

%# See Appendix A for the derivation of Egs. (16) and (17).
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Using these relations with Eq. (17) to change variables of

integration in Eq. (18) and (19), one obtains

« /T GZ

./:/;ﬂcosecos¢[rcos2ecos¢+Ar¢sin¢+Arecosecos¢sin6]d6d¢
B o= -= /<757
<< /m2_¢z
[[[rzcos2ecos¢+Ap¢rsin¢+Arercosecos¢sin6]dedq)
- _pq;::Fz

where r A v(6,¢) and

Ar = 9r(68,9)
6 20

Ay = 3r(8,9)
¢ 3¢

~

Linearization of h about h, as defined in Egs. (14%) and (15),

produces
- « /<ZTH%
o - hs 62 2
h= h-= (2 + 2
; - /](2 .g,) ded¢ (21)
—c _/37:37 )
or

(22)

~

Equation (22) is the desired expression for h in terms of h;
it has the important property that knowledge of the details of

-18-



of r(8,¢)is not required when h is given.

The accuracy in h computed by Eq. (22) is of the order of

ene part in 1l/¢_ where¥®

)
. * L / ’ $ArAr d8ds (23)
- —ye _¢

An estimate of the magnitude of €_ for typical ocean surface

variations is obtained by letting

- Ar(8,¢) = -Ar coske
max
(2w)
Ar¢ = kArmaxsink¢
For large and small values of k,
2
eH N Armax 2 ke >> 1/2
A
(25)
2
Y Ar®ax K2t ke << 1/2
h A

In the configuration considered by Frey, et. a1l.3, it is
concluded that an extremely narrow radar beam (« ~ 10? radians)

is required to limit the error between the actual range

* See Appendix A for derivation of Eq. (23).
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measurement and the desired altitude measurement. In cases

of practical interest using the processing technique considered
here, the error in h, computed'from,Eq. (22), is far below

the ultimate accuracy required. Thus it is concluded that

there is no need to use such a narrow beam solely for the purpose
of having h Z h when correction by Eq. (22) is possible. Of
course, a narrow beam is desirable to obtain the desired altitude

resolution for the reasons indicated in the preceding sections.
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V. PROCESSING THE RADAR RETURN SIGNAL

In order to determine a useful technique for processing
the radar return signal, first consider the signal caused by
reflection from an "idealized" ocean surface corrupted by
additive gaussian white noise, n(t), which is independent of
the signal with statistics

E{n(t)} = 0

E{n(t)n(t )} = o2 §(t -t )
: 2 n 2 1

Imagine that the ocean surface is a two-dimensional staircase
composed of equal step heights, Ah. A one-dimensional representation
is given in Fig. 4 with h(6,¢) interpreted as the radial distance .
from the satellite. Let the transmitted signal, s(t) be

s(t)= f(t)cosu,t ' (26)

where w, is an appropriate carrier frequency and f(t) is
amplitude modulation.®* Assuming the total surface area AAi
at a particular range h; (see the shaded section in Fig. 4) to
be a rough scatterer which has scattering properties that are
independent of those for the surface area at any other range,
‘one possible model2 for the radar return is

k+N A
r(t)==§: £t - 15 - =L ) [aj cosw t + b.sinw t1 + n(t)

2 c 1 c
” : (27)

* Conceivably the use of both amplitude and frequency modulation
might be beneficial if short pulse durations are impractical.
Only amplitude modulation is considered here.

-21~
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The a; and bi are independent, zero—mean,.gaussian random
variables with

Efa,?} = E{b;®} = p50A; (28)

where pj is a reflection coefficient and

2hi

Ts A
18 w=

C

AT

fie>

It is assumed in summing over the index i that the ocean surface

lies within a known altitude band

B £ 0y 2 by
Any doppler shift caused by motion of the ocean surface with

respect to the satellite is neglected. Therefore, r(t) is a
zero-mean gaussian random process.

Now with the assumption that
f(t) = 03 t < 0; t > 24h (30)
Q .
it is clear that Eq. (27) becomes

. ‘ ="i+l 5
r(t) = f(t—?i—%l)[éicoswct+bisinmét] + nt);

Recall that the quantity to be® measured or estimated is

the average range given by Eq. (18). This is determined from
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h in Eq. (14) and the transformation equation (22). In terms
of the quantities in Fig. Uu, h is given by

;. LhihAg

2 AA;

1

(32)

Because of the statistical dependence of the radar return upon

"
~

AAj, only an estimate h of h can be obtained. To determine
h, define the quantities
V=) hidA,
A=) aa;

and their estimates V and A. It is our intention to compute h as

~

(33)

s ¥
h o= 2 (34)
A

This is an optimal estimation procedure when the estimation
criterion is that of maximum liklihood.5

Maximum liklihood estimates & and R are determined in terms
of the corresponding estimates Agi of AAi. With the model for
the radar return given by Eq. (31), the contributions to r(t)

from each AA. are orthogonal in time. Hence the maximum

liklihood estimate of AA; is definedd by the relations®

R Y
- T 2 2 2 2
AA; = piE,’ [rai try. - Egtoy ] (35)
2Ah/c |
Ey =/f2(t)dt (36)
0

* The contributions of double frequency terms in Eqs. (37) and (38)
are ignored.
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T

K+N+1
Pai =;/;(t)f(t—ri—%l)cqswctdt (37).
Tk
TN+
29 ()£ (t-1;-5)ednu tdt (38)
Tk
and

v = Z ?1.AA.
=
A= E AA
o ER

The estimate of h is computed according to Eq. (34).

(39)

The important statistical parameters of h--its mean and vari-
ance--are calculated from a linearized analysis of the effect

of the errors in V and A. Neglecting the effect of the noise,

n(t),
E {h} = h (40)
A k+N >
~ 5 (h - hj)? AA42
2 -
E {(h-h)2 } = E AZ (41)

The reason for neglecting n(t) in these calculations is that

the return signal to noise ratio is quite large in this application
so that estimation errors caused by the presence of n(t) are

smail compared with those attributed to the statistical nature

of the reflection process. In particular, if there are N

levels in Fig. % having equal areas AA, Eq. (41) becomes

-25-



~ 2
E{(B-h)2} = 2 n? (42)

From the fact that Ah is inversely proportional to N, it is clear

that
~ D
lim E {(h-h)%} =0

However this limiting behavior occurs because the return signal
in Eq.(31) is assumed to consist of pulses that are disjoint
in time; +this condition cannot be practically maintained in
the limit as Ah+0. In the remainder of this section we
develop a signal model that conforms more ciosely to the actual
radar return and propose a processing technique, motivated by
the preceding discﬁssion, to obtain an unbiased estimate of h
that is not necessarily statistically optimal. A high premium
is not placed upon obtaining an optimum estimate because the
signal to noise ratio at the radar receiver is quite large in
this application.

A desirable simplification in the subsequent discussion is
the assumption that p; in Egs. (28) and (385) is independent
of i. It is well known that the gross scattering properties
of the sea surface are a function of the sea state, i.e.,
surface turbulence. It might also be conjectured that the
scattering from surface area at any particular altitude is a
function of altitude because of a possible variation of

average sea surface slope with altitude.3 If such be the case,

-26-



quantitative information about the variation of p; is required.
In the absence of such information we take p; = p, which
is altitude independent; this assumption materially simplifies
the subsequent discussion.

The form of the estimation equations (35)-(39) suggests a
useful estimation procedure when Egs. (27) and (31) do not
hold. Returning to the expression for r(t) in Eq. (27) which

applies for a general f(t), require that f(t) be zero outside

some interval;

f(t) # O only if t > 0 or t < t

£
Define
rc(A) = j.r(t)f(t—k) coswctdt
T (43)
rg(V) = [ r(O)£(t-1) sinw tdt .
T

where T is a connected region for which it is known, a proiri
that

r(t) - n(t) £ 0if t € T

Compute
A, = [rcz(x)dx
jr (4y)
= 2
AS = ro (A)dA
L
and
| gf ,
Vo = 2J ar 2(A)ax (45)
L
Vg = %f Ar 2 (A)dA
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where L is a connected region such that L contains T and L contains
(t - tf)for every t in T. Upon substitution from Eq. (27) into

Egs. (43)-(45), it is readily verified that

k+N
r (1) =%i;<g(A-Ti-$_T)ai + w (1) , (46)
k+N
- 1 At
rS(A) = Eégig(l—ri‘7_)bi + ws(k)
w (X)) = Jf(t-N)cosw _tn(t)dt
c c
T (47)
w (M) = [£(t-MIsinw_tn(t)dt
s T c
where
g(A) A ff(x)f(xﬂ)dx : (48)
It follows that
E{A_} = E{a_} = 884 + Foiy (49)
)
8 2
' . Y 2 pA o) e 2 & A 2
E{Vc} = E{Vg} = _g_{ fxg (x)dx 5= + 5 / g (x)dx}}; <Ti+71)AAi + 20% H }
(50)

where G, F, and H are given by

H A/ Adxf £2(u-A)du;
L T
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©

G A [gz(x)dx;

e OO

F A '/dxffz(ufx) du (51)
L T

Now referring to Egs. (49) and (50), we observe that by de-

fining the estimates

A A %ﬁ [A, + A - Fo?p] (52)

VA 7 i o & toar (53)
Lg i 26
i
then
E{A} = A
gV} = v
If ﬁ is computed as in Eq. (34%), it follows that
t V_+V - ESjBE ~
n=2°¢ 2 _ = jfxgz(x)dx (51)
Ag+Ag-Fo? 26 J

D
Observe that h is determined without knowledge of p; hence the

sea state need not be known.

AN
~

The calculations and operations required to obtain h from

Eq. (54) are summarized in the block diagram of Fig. 5. The

-29-



blocks denoted LPF symbolize a low pass filter which represents
rejection of the double frequency terms in the outputs of the
multipliers. The block labeled f(-t) denotes a linear filter
whose impulse response is f(-t). Since f(t) = 0 for t-< 0,

t
the filter is unrealizable; however, it is realizable with a

delay of tf seconds.

Our next task is to determine the properties of the

estimation error.
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VI. ESTIMATION ERRORS

Because the random variables——VS, v Ay, A --determine

c? *'g?

Q
h, their errors determine the inaccuracy in the altitude estimate.

To facilitate the error analysis, expressions are developed for
these quantities which are useful in the limit as N + « and
At » 0 in Eq. (27).

Consider r, (X) and rg(A) given by Eq. (46). Define'the
~gaussian random processe;

. k*N A
alt) A2 aj8(t-14-55)
i=k

(55)
ko At
b(T) A.Zbiﬁ(r—ri—?_
i=k
where §( ) is the Dirac delta function. Substitution of Eq. (55)
into Eq. (46) produces
ro(A) =1‘.4;(X—T)a(‘1’)d‘l’
2 (56)
r (A :%#(A—T)b('t)dT

Equations (56) are to be substituted into Egs. (44) and (u45).
To shorten notation, define
c] A cop®H/2

Fonz -

(c/2G)fIg2(t)dT

- 00

fie>

fic>



so that the altitude estimate can be written as

S V. +V - c,
h=_8_._¢ - ¢ (58)
As + Ac —’02
and define
Vg A E{Vs} + AVg
A E{V_} + AV
= ¢ ¢ (59)

VC
Ay & E{Ag} + AAg
AC

A E{A} + MAc

Inspection of Egs. (52)-(54) reveals that

. E{vg + VS } - o
E{A; + Ac}l - 2

With altitude error defined as
€. = h - h (61)
h .

it follows from the definitions (59) that
AV_+AV - (h¥cy) (AAS+AAL)

€. = (62)
h  E{Ag+A }+AAg+AA -c)

The simplest analysis of ¢ is obtained by assuming that the

~

h
quantity (AAg+AA,) in the denominator of Eq..(62) is small

(on the average) compared with,(E{AS+Ac}—cz) so that a

linearization is valid. Hence, subject to the condition,

L 2 2
E{(AAg+DA)*} << [E{A_+A_}-c)] (63)
one can verify that
v (64)
E{e~} £ 0
h

~34-



E{[AV +AV —(h+cg) (AAS+AA ) 12}
E{e.2} ¥ == =€ (65)
h [E{Ag+AL}-cp1?

To evaluate Eq. (65) assume that a(t) and b(t) in

Eq. (55) satisfy

Efa(t)a(uw)} = E{()b(w)} = k(w)d(t-u) (66)
where
J/'k(u)du = PA (67)
2
T

This is the conventional model® for a rough radar reflector whose
dimensions are large compared with a wavelength.* With the

aid of Egs. (56) and (66) and considerable manipulation (using
the fact that a(t) and b(t) are gaussian random processes

having identical statisties), Eq. (65) becomes

0

16c c? pA
E{e~%} = tuR?(t,u)dtdu + —{ — ) {— ] xg?(x)dx +
h 2G2A2 pGA 2

— Q0

[« ]
©o

2 y 3 DA
G| tk(1)dT R2(t,u)dtdu - ¥ — — [ xg?(x)dx +
_ pGA 2

-0 L L .00

G/Tk(T)dTY/’CRz(t,u)dtdu (68)
= L L .

*For the piecewise constant surface represented by Fig.h,

k(u) = & ZAAiG(u'Ti‘%I')
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where
R(t,u) = % [gt - y)glu - yIk(y) + 20 2 £ly - t)fly - w)ldy
(69)
There is no conceptual difficulty in determining
E{e.?} for any choice of signal modulation, f(t), and any area
dis?ribution, k(t). However, primarily because k(t) and f(t)
are non-zefo'only in finite intervals, the integrations required
in Egqs. (68) and (69) are laborious to evaluate analytically
and calculation by digital computer is probably more expedient.
In this discussion an analytic expression for the mean squared
error is desirable to aid in understanding how it is affected
by various important parameters. Such a relation can be
obtained if the finite intervals are approximated with
functions f(t) and.k(t) that approach zero asymptotically.
Suppose f(t) is given by¥* |
’ —«(t—th)z :
£(t) = Fe (70)
where F and « are constants selected to meet energy and pulse
duration constraints. Similarly assume that

'B(t—tl)z
k(t) = Be (71)

subject to the constraint

0

/k(t)dt = B/TApPA (72)
B 2 A

- 00

*The analytical invariance of gaussian pulses under convolution
motivates these choices of f(t) and k(t). Note that a in Eqs.(70)-
(76) has no relationship with the radar beam half-width in Fig.3.
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The situation is as represented in Fig. 6. Let the region T

be bounded by TO and Tf and assume

o >> 1
T | (73)

so that k(t) is approximately contained entirely within T.
Note that k(t) in Fig. 6 represents the ocean surface area
distribution as a function of delay time; It is not the

return echo.

With the above assumptions the mean squared error, as

determined by Eqg. (68) is

E{e 2} = ¢’ ']' 1 ' /3+=/B \ |/Lil onc® (1 4 1)+
h 648 3 )

1+=/B \1+=/28 pAF2 /o 3< |
2
i ontc?
- 3 .
2

where Ay and Ay are defined in Fig. 6. The right hand side

of Eq. (74) is thought of as consisting of two parts. The

first term is caused by the statistical nature of scattering

from the ocean's surface; the second and third terms represent

the influence of the additive noise, n(t). Because the noise

power is relatively small in this application, we examine the'
behavior of Eq. (74) when o,% = 0. A graph of E{eﬂz} as a
function of =« with B as a parameter is given in Fig. 7. Increasing
values of « and B correspond to decreasing pulse "widths"

for £(t) and k(t). Given a value of B, which determines the
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Figure 6

t —»

Qualitative form of f(t) and k(t) for illustrative

example.
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spread of k(t), E{eﬁz} decreases with increasing «. This
behavior is explained by the fact that as f(t) becomes narrower,
the return signal is approximately a large number of

orthogonal (in time) reflections. We observed similar prop-
erties for the "staircase'" ocean surface discussed in the
preceding section. Given a value of «, the mean square error
decreases with increasiﬁg 8 because the spreading of the return
signal is reduced as the ocean surface becomes concentréted

at one altitude. For large values of (=/8)

(1

Ele.2} 2 S B, «/g>>1; o 2 =0 (75)
h 328 Ve n
Thinking in terms of the ocean area distributed over
10 feet in altitude and a one nanosecond duration for f(t),
take « = 4 x 10*%/sec.?, B = 10'°®/sec.?, c?’= 1018£¢2 /sec. 2
For these values Eq. (75) yields

Efe~2} = 0.16 feet?
h

Recall that the validity of this analysis is subject

to (63). For °n2 = 0, this condition takes the form

[E{As + A} - cp]?

=1
2

>> 1; op® =0 (76)

=
%
wiR

E{[AA, + BA_T2}

which is satisfied for large («/B). For small (x/B), the ocean

surface becomes flat and Eq. (58) yields

B>

g

° nd ~ .
iimh = B A = h with probability 1.

B0

Ty I



The event that the denominator of the right hand side of Eq. (58)

'y
is zero, rendering h undefined, has probability zero.
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VII. THE GATED WIDE-BEAM RADAR ALTIMETER

The preceding sections discuss the subject of processing
the entire return from a narrow-beam radar altimeter. This
section treats the problem of obtaining an altitude estimate
from only a portion of the return signal for a wide beam radar.
The wide beam has the advantages of requiring a relatively‘
smaller antenna and requiring less pointing accuracy than a
narrow beam. Hence an appropriate processing technique for
the former may be desirable in some applications.

The physical situation for a wide-beam is illustrated in
Fig. 8. The energy in the center of the cone strikes the
ocean surface appreciably before the energy near its boundary.
For the reasons cited in section III, only the return from a
relatively small portion of the sea surface is desired. Hence
it is proposed that the return signal be truncated to eliminate
all reflections except those from the surface area near the
beam's center.

Assume that the return signal is truncated at time T so '
that only reflections from objects within a distance, <T/2,
are to be considered; the propagated position of the radar
beam at time T/2 is indicated in Fig. 8. The receiver processes
only the potrtion of the return signal occurring at t < T
as indicated in Fig. 9. Using the notation, a(t) and b(t),
introduced in Eq. (55), the return signal r(t) (analogous-to

Eq. (27) for the discrete case) has the form
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Ocean Surface

Figure 8 Wide - beam geometry.

Figure© Illustration of truncated radar return signal.
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t
gf f(tot)La(t)cosw,t + b(t)sinw tldr + n(t); t < T

r(t) =
0; t>T : 77)

In order to apply the processing technique represented by Eq.

(58), it is desired that the return have the form ry(t) given by

t
rq(t) f/rf(t—T)[ad(T)coswct+bd(T)sinwct]dr+nd(t); t>0 (78)
0

¢

a(t); t<T

yb(t); t<T
by(t) -{0 : T

where nd(t) is unbiased noise. Note that

r(t) = rg(t); t < T
That is, rg(t) should contain the total’reflection from the
desired element of sea surface area; r(t) in Eq. (77) does not
have this property. If ﬁ is computed according to Eq. (58) for
r(t), the result is generally biased. This is qualitatively evident
from the shape of the received pulse in Fig. 9; it lacks symmefry
because of the rise of the leading edge. This bias is referred
to here as truncation error.

An immediate question is whether there are circumstances in
which f(t) 2 rq(t) for all t. The answer is obtained qualitatively
by determining the bias for a particular case. It is intuitively

clear that the amount of error is related to the width, w, of the

wavefront in Fig. 8. A rough analysis for the case when f(t) is

PO IS Y



a rectangular pulse and the sea surface is normal to the

center line of the radar beam indicates that
E{h - h} ~ -4 (79)

Thus the truncation error for this case is negligible compared

with a desired resolution of one foot if w << 4 feet, which

implies that the duration of f(t) should be much less than four

nanoseconds. Pulse durations of one or two nanoseconds at

X-band frequencies have been proposed as feasible within the

current state of the art.2
Another approach to this problem is to permit relatively

long transmitted pulses and accurately compute the bias resulting

from Eq. (58) for a "mean" sea state, say a flat sea, and

then subtract the bias from ﬂ. Because the value of the trun-

cation error is a function of the shape of the ocean surface,

this procedure can only be justified if a mean sea state

can be defined. Such a definition implies some sort of a=-

priori knowledge about the probability distribution of the

shape of k(t). With the mean bias error subtracted out of the

altitude estimate, the remaining truncation error is caused

by the variation in sea state ébout the mean and can be

considered an additional source of estimation error. A

procedure for computing the truncation error for a given sea

state is outlined in Appendix B.

A third solution to the problem of eliminating truncation

error is motivated by our previous assumption that the effect

Y-



of n(t) on the estimation error is small compared with the
influence of other sources. If n(t) were identically zero in
Eq. (77), one could imagine processing r(t) to recover a(t)
and b(t) which are subsequently "filtered" to obtain rg(t)
exactly. If n(t) is negligible, one may try the same tech-

nique and analyze its performance. An equivalent procedure

described here is to operate upon f(t) to generate ry (t) and
c
rds(t), corresponding to Eq. (56), for ry(t).
To facilitate the discussion, consider first the
"quadrature amplitudes,"
xt
.Jz‘.f f(t-valrtidr; tgT
q.(t) A)™70 (80)
0 y  t>T
t
qdc(t) A %-ff(‘t—’t)ad('f)d'f; t>3 (81)
0

After one determines how qdc(t) can be obtained from qc(ﬁ), the
method for obtaining rdc(t) and rds(t) from r(t) is obvious.

Using the notation f‘}(t) to represent an inverse con-
volution (which is readily derived from the inverse fourier
transform of f(t)), one can immediately derive a method for
obtaining qdc(t) by comparing Eqs. (80) and (8l). This is indicated
in Fig. 10 where the construction of both q,(t) and a4, (t) are
illustrated. The gate operation is a multiplication of the out-
put of f !(t) by a function that has the value, one, on the

interval 0 <t < T and zero elsewhere. The blocks labled f(t)
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Reflection
Process

alh) qe(t) alt) __ aglt)
f(t) > (1) = f(t)

Goate

| S

t —

Figure IO Procedure for generating qdc(t)from q. (t).
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and f~!(t) represent convolution operations on their respective
inputs.

With Fig. 10 in mind, it is apparent that r_. (t) and rg (t)

de
are generated from r(t) by the operations shown in Fig. 11.
These quantities play the role of rc(t) and rs(t) in Fig. 5 and
are processed in the same manner. The presence of the low-pass
filters symbolizes the neglect of trigonometric functions of
twice the carrier frequency, as in Fig. 5.

The analysis of the performance of the estimate obtained
by combining the operations represented in Figs. 5 and 11 is
similar to that given in section VI. One difference is the
fact that the characteristics of the noise components of rdc(t)
and rg (t) are not the same in the interval t > T as they are in
the interval t < T. This is explained by the fact that the gate
in Fig. 11 cuts off the signal at time T and rdc(t) and rds(t)
exhibit a transient behavior. The signal component of this
transient is just that required to duplicate the effect of
processing only the signal component of rg(t) in Eq. (78) by the
method of section V. However, the noise component of the transient
is produced by the presence of n(t) in Eg. (77). Because the system
in Fig. 11 is designed without regard for optimality in the
presence of n(t), the noise component in the output for t > T
may or may not be excessive. The characteristics of f~!(t) are
directly related to thié question. Because this filter must be
implemented, it is desirable that its output be bounded for bounded

inputs; otherwise instability may cause saturation of physical

49~
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components in the presence‘qf nqise.

The intent of this secfion is to demonstrate that the
processing teehniques described in section V can be adapted to a
~gated wide-beam radar under certain conditions. Three suggested
approaches are : (1) Use a short transmitted pulse to minimize
the effect of truncation error, (2) Subtract a mean truncation
error from the altitude estimate, (3) Eliminate the source of
truncation error by suitable signal processing. These methods
are listed in order of increasing complexity required for the
signal processing system. Regardless of which technique is used,
the objective is to eliminate systematic bias error introduced

by truncating the radar return signal.
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SUMMARY AND CONCLUSIONS

This report discusses methods for eliminating sources
of bias errors in satellite altitude measurements made by a
pulsed radar altimeter. In sections II and III, altitude is
appropriately defined for a radar beam having non-zero width, and
design criteria for beam width and pulse repetition frequency are
suggested by Egs. (10) and (12). This definition of altitude has
the feature that effects of unwanted high frequency variations
of the ocean's surface occurring within the beam area are partially
eliminated from the return signal. Methods of estimating altitude
are presented in sections V and VII for narrow beam and gated wide
beam radars and are summarized in Figs. 5 and 11. A performance
analysis given in section VI indicates that the effects of
random scattering on estimation errors are small if the trans-
mitted pulse is very short. In section IV it is shown that the
altitude measurement 6btained in terms of the radar's spherical’
coordinate system can be accurately modified according to Eq. (22)
to obtain the corresponding measurement in a cartesian coordindte
system. |

The hardware requirements for processing each radar return
pulse by the méthods suggested here are more complex than those
necessary for a leading edge tracker. However, the required
mathematical operations;—infegrafion, filtering, squaring--are
within the capabilities current radar system design. The pro-

cessing time for each pulse is snherently small because few digital
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computations are required. The complexity of the system is a
result of the need to perform certain averaging operations on the
return pulse to prevent bias errors of the same order of magnitude

as the ultimate resolution desired.
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APPENDIX A

Accuracy Analysis for Average Radar Range Equations

The correct expression for A in Eq. (1l4) is

o _¢2

ffr' (e d))dedq) (A-1)

—“—o:-

It is proved here that with h substituted for r(§,¢) in
Eq. (A-1), as indicated in Eq. (15), the resulting accuracy
in computing A is given by Egs. (16) and (17).

Substitution of Eq. (A-1) into Eq. (1u4) produces

J=2_¢2
ff[fla + g(Ar)lcos0dodd
G X (A-2)
« Jxz_¢2
J 'h? + f£(Ar)lcos6dode
= =ryy
where
r=h + Ar(6,9)
g(Ar) = 3h%Ar + 3har? + Ar® (A-3)
£(Ar) = 2hAp: ++Ap?

For notational convenience, the functional dependence of Ar

upon § and ¢ is understood. Regarding the effect of f(Ar) as

'émall?éémpareduwithiﬁz1in the: -denominatér. of Eq+1EA-2)] write

h in expanded form as
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I[g(Ar) ILf(Ar)] I[f(ar)] )2

o2}
11
o)
+
*_.l
i

e —_—t | —— e
I[1]h? I[11h2 I[11h?
(A-4)
where
/=T-¢2
Il 1 // lcos6dede (A-5)
—x —yx2- -p2

Expansion of Eq. (A-4) to second order in Ar produces

2 2
I[Ar] - = {IfAr]1}? + = I[Ar%] 2 0 (A-6)
hIl[1] h

From the physical requirement that Ar be small, the only acceptable

solution to Eq. (A-6) is

2 2
I[Ar] = —i I[Ar?%] > —EArmaxzmz (A-7)

where Ar .. is defined in Eq. 7).

Now observe that

A = I[h? + 2RAr + Ar?1 ¥ I[h2] + 2I[hAr] (A-8)
But from Eq. (A-7)
~ 2,2

|2I1fhaAr]| < *%Tmax . (A-9)
h

Hence

) = e

A = I[h?] = h"] /cosededcb (A-10)

e /T

to the order accuracy stated in Eq. (16).
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Accuracy Analysis fqr Avgrage‘Radar Altiﬁude Equ;tiqn

To deterﬁine'the accuracy of h in Eq. (20), first
expand the trigonometricifunctions in numerator and denominator
to second order in 6 and ¢. ’Next expand h to first order

about the quantities

-~

A I[r?]
(A-11)
é 1[r?]
The result is
h = %——[5 + AV - %‘ o (A-12)
A : A
where
AA A'j[[—rz(%2+-g-2)+r¢Ar¢+reAr9]d6d¢
 d T
(A-13)
AV Af[[—r3(92+¢2)+r2¢Ar¢]d6d¢
& T
With
nalV
A

substitute for r from Eq. (A-3) into Eq. (A-13) so that Eq.
(A—l2) becomes

~ ﬁ3 |
//[eﬂ% Jdaed¢ + ‘/[[ArAr¢¢+ArArQGJd6d¢ (A-14)

z—¢2 —x /g2 42
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The last term on the right of Eq. (A-14) represents the
error in h computed from Eq. (21). Assuming the terms,

ArAr¢¢ and ArArg6, are the same order of magnitude, the error

is as given in Eq. (23).
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APPENDIX B

Bias Computation for a Gated Wide-Beam Radar

To determine the effect of processing r(t) in Eq. (77)

according to Eq. (58), define rc(A) as in Eq. (56) and
rgo (A) A/rd(t)f(tfl)coswctdt | (B-1)
T

Using Eq. (77) and (78) for r(t) and ry(t) in Eq. (77) and
(B-1), it follows that

re(A) = rg,(A) : A < To-tg
*'tf
r () = rdc(k)-Lli(tel)rd(t)coswctdt; Te-teSA<T,  (B-2)
T
, c
r,(A) = rg (A) - rq (M)=05T < &

Defining A, as in Eq. (44) and Ag, by

Adc-A/;dcz(),‘)’ ‘ (B-3)
Lui
one determines from Eq. (B-2) that for a given sea state
Ta Atts 0
E{A_} = E{Ag ME] f dA f(tfl)rd(t)coswctd‘t) -
To-tel To
(B-4)
Aty : T+te
Zrdc_(l)ff(t-_-}\)?d(t)coswctdt -Jdlrdc(l)z
Tc c

Defining rq (1) and Ay in a similar fashion with cosw,t in Eq..
s s
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(B-1) peplaced by sinwct, one can compute E{Aj}. As in section
V, we neglect the contribution of double frequency terms to these
expressions so that

E{A,} = E{A])

(B-5)
E{Ag } = E{Ag.}
An analogous argument applied to Vo with
c 2 '
Vg, A ijfirdc (A (B-6)
produces T, Atte
= 1 c . : 2
E{V } = E{Vq }+3E /dX~){(ﬁ(t—mrd(t)coswctdt) -
Te-te = %o (B-7)
>\+tf ‘ TC+tf
Zrdc(A{/;(t—A)rd(t)coswctdf] —U/ax-k'rdc(l)zs
Te Te
and '
E{V_} = E{V_}
° ° (B-8)

E{Vdc} = E{Vdc}

Now the quantities E{Vdc}and E{Ag,} are known from Eqs. (49)
and (50). Hence only the second expectation on the right hand
sides Qf Egs. (B-4)-and (B-7) results in a bias error in ﬁ.' If-
we define

Ela} = Elag) + By

E{vgc.} + EfVy ) + By

where identification of B, and By with terms in Egs. (B-4) and (B-7)

is obvious, the -estimation errdr in Eq. (59) becomes
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€~ =

MWgg + AVgg *+ 2By - (h + c3)(BAg + AAct+.2By)

h E{Agg * Ag } *+ BAgg + DAg. + 2By - o

Linearization of Eq. (B-9) produces

| 2By - (h + cg) + 2B o -
E{e~.} % - A = E{h - b}
h E{Aqg * Ago} + 2B, - o,

(B-9)

(B-10)

As was stated in segtion VII; the values of By and B,

depend upon the sea state determined by the area distribution,

k(t). If a "mean" functional form of k(t) (such as that for a

flat sea surface perpendicular to the radar beam's center line)

is hypothesized, one can subtract the corresponding mean values

of By and By from Ag, A,, Vg, and Vo. A rough evaluation of

e~ for tﬁe horizontal sea surface leads to Eg. (79).

h
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